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Abstract
In this paper, several weak and strong convergence theorems are established for a modified Noor iter-
ative scheme with errors for three asymptotically nonexpansive mappings in Banach spaces. Mann-type,
Ishikawa-type, and Noor-type iterations are covered by the new iteration scheme. Our results extend and
improve the recently announced ones [B.L. Xu, M.A. Noor, Fixed point iterations for asymptotically nonex-
pansive mappings in Banach spaces, J. Math. Anal. Appl. 267 (2002) 444–453; Y.J. Cho, H. Zhou, G. Guo,
Weak and strong convergence theorems for three-step iterations with errors for asymptotically nonexpansive
mappings, Comput. Math. Appl. 47 (2004) 707–717] and many others.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In recent years, one-step and two-step iterative schemes (including Mann and Ishikawa iter-
ation processes) have been studied extensively by many authors: [1,3,5,6,9,13]. In [14], Xu and
Noor introduced and studied a three-step scheme to approximate fixed points of asymptotically
nonexpansive mappings. Recently, Cho et al. [2] extended their schemes to the three-step iter-
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nonexpansive mappings.
On the other hand, Xu [13] introduced and studied the Mann iterative scheme with errors.
A generalization of Ishikawa iterative schemes for two mappings was given by Das and Debata
[3] and Takahashi and Tamura [11]. Finally, Khan and Un-din [4] extended their scheme to a
modified Ishikawa iterative scheme with errors for two mappings and gave weak and strong
convergence theorems.
Inspired and motivated by these facts, a new class of three-step iterative scheme, for three
nonexpansive mappings, is introduced and studied in this paper. This scheme can be viewed as
an extension for three-step iterative schemes of Xu and Noor [14], and Cho et al. [2]. This scheme
defined as follows.
Let X be a normed space, C be a nonempty convex subset of X, and T1, T2, T3 :C → C be
three given mappings. Then for a given x1 ∈ C, compute the sequence {xn}, {yn} and {zn} by
zn = α′′nT n3 xn + β ′′nxn + γ ′′n un,
yn = α′nT n2 zn + β ′nxn + γ ′nvn,
xn+1 = αnT n1 yn + βnxn + γnwn, n 1, (1.1)
where {αn}, {α′n}, {α′′n}, {βn}, {β ′n}, {β ′′n }, {γn}, {γ ′n} and {γ ′′n } are real sequences in [0,1] with
αn + βn + γn = α′n + β ′n + γ ′n = α′′n + β ′′n + γ ′′n = 1 and {un}, {vn}, {wn} are bounded sequences
in C.
The iteration schemes (1.1) are called the modified Noor iterations with errors for three
mappings. Noor iteration include the Mann–Ishikawa iteration as a special case. If T1 = T2 =
T3 := T , then (1.1) reduces to the three-step iterative scheme defined by Cho et al. [2]:
zn = α′′nT nxn +
(
1 − α′′n − γ ′′n
)
xn + γ ′′n un,
yn = α′nT nzn +
(
1 − α′n − γ ′n
)
xn + γ ′nvn,
xn+1 = αnT nyn + (1 − αn − γn)xn + γnwn, n 1, (1.2)
where {αn}, {α′n}, {α′′n}, {γn}, {γ ′n} and {γ ′′n } are appropriate real sequences in [0,1] and {un},
{vn}, {wn} are bounded sequences in C.
For T1 = T2 = T3 := T and γn = γ ′n = γ ′′n ≡ 0, scheme (1.1) reduces to the Noor iterations
defined by Xu and Noor [14]:
zn = α′′nT nxn +
(
1 − α′′n
)
xn,
yn = α′nT nzn +
(
1 − α′n
)
xn,
xn+1 = αnT nyn + (1 − αn)xn, n 1, (1.3)
where {αn}, {α′n}, {α′′n} are appropriate sequences in [0,1].
Asymptotically nonexpansive mappings since their introduction have been extensively studied
by many authors in different frameworks. One is the convergence of iteration schemes con-
structed through asymptotically nonexpansive mappings. Our goal in this paper is to establish
several weak and strong convergence results which extend and improve the corresponding ones
announced by Xu and Noor [14], Cho et al. [2], and many others. Now, we recall the well-known
concepts and results.
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totically nonexpansive on C if there exists a sequence {rn} in [0,∞), with limn→∞ rn = 0 such
that
∥∥T nx − T ny∥∥ (1 + rn)‖x − y‖,
for all x, y ∈ C and each n  1. If rn ≡ 0, then T is well-known as a nonexpansive mapping.
A mapping T with domain D(T ) and range R(T ) in X is said to be demiclosed at p if whenever
{xn} is a sequence in D(T ) such that {xn} converges weakly to x∗ ∈ D(T ) and {T xn} converges
strongly to p, then T x∗ = p.
A Banach space X is said to satisfy Opial’s condition [7] if for any sequence {xn} in C,
xn → x weakly as n → ∞ implies that lim supn→∞‖xn − x‖ < lim supn→∞‖xn − y‖ for all
y ∈ C with y 	= x.
The mapping T :C → C with F(T ) 	= ∅ is said to satisfy condition (A) [9] if there exists
a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0 for all r ∈ (0,∞) such
that
‖x − T x‖ f (d(x,F (T )))
for all x ∈ C where d(x,F (T )) = inf{‖x − x∗‖: x∗ ∈ F(T )}.
Recently, Khan and Un-din [4] modified the condition (A) for two mappings as follows: Two
mappings T1, T2 :C → C where C is a subset of X, are said to satisfy condition (A′) if there
exists a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0 for all r ∈ (0,∞)
such that
1
2
(‖x − T1x‖ + ‖x − T2x‖
)
 f
(
d(x,F )
)
for all x ∈ C where F := F(T1) ∩ F(T2) and d(x,F ) = inf{‖x − x∗‖: x∗ ∈ F }. Note that con-
dition (A′) reduces to condition (A) when T1 = T2.
We modify this condition for three mappings T1, T2, T3 :C → C as follows: Three mappings
T1, T2, T3 :C → C where C is a subset of X, are said to satisfy condition (A′′) if there exists
a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0 for all r ∈ (0,∞) such
that
1
3
(‖x − T1x‖ + ‖x − T2x‖ + ‖x − T3x‖
)
 f
(
d(x,F )
)
for all x ∈ C where F := F(T1)∩F(T2)∩F(T3). Note that condition (A′′) reduces to condition
(A) when T1 = T2 = T3. It is well known that every continuous and demicompact mapping must
satisfy condition (A) (see [9]). Since every completely continuous T :C → C is continuous
and demicompact so that it satisfies condition (A). Thus we shall use condition (A′′) instead
the complete continuity of the mappings T1 = T2 = T3 to study the strong convergence of {xn}
defined in (1.1).
In the sequel, the following lemmas are needed to prove our main results.
Lemma 1.1. (See [12].) Let the nonnegative number sequences {an}, {bn} and {dn} are such that
an+1  (1 + dn)an + bn, ∀n = 1,2, . . . .
If ∑∞n=1 dn < ∞,
∑∞
n=1 bn < ∞, then
(i) limn→∞ an exists;
(ii) limn→∞ an = 0 whenever lim infn→∞ an = 0.
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for all positive integers n. Suppose that {xn} and {yn} are two sequences in X such that
lim supn→∞‖xn‖ a, lim supn→∞‖yn‖ a, and limn→∞‖tnxn + (1 − tn)yn‖ = a, a  0. Then
limn→∞‖xn − yn‖ = 0.
Lemma 1.3. (See Lemma 1.6 [2].) Let X be a uniformly convex Banach space, C a nonempty
closed convex subset of X, and T :C → C be an asymptotically nonexpansive mapping. Then
I − T is demiclosed at 0.
2. Main results
In this section, we prove weak and strong convergence theorems of the modified Noor iteration
with errors for three mappings in a Banach space. In order to prove our main results, the following
lemmas are needed.
Lemma 2.1. Let X be a uniformly convex Banach space with xn, yn ∈ X, real number a  0,
α,β ∈ (0,1) and {αn} be a real sequence which satisfy
(i) 0 < α  αn  β < 1, ∀n n0 and for some n0 ∈N;
(ii) lim supn→∞‖xn‖ a and lim supn→∞‖yn‖ a;
(iii) limn→∞‖αnxn + (1 − αn)yn‖ = a.
Then limn→∞‖xn − yn‖ = 0.
Proof. The proof is clear by Lemma 1.2. 
Lemma 2.2. Let X be a real Banach space, C a nonempty closed convex subset of X. Let T1,
T2 and T3 be asymptotically nonexpansive self-maps of C with sequences {r(1)n }, {r(2)n }, {r(3)n },
respectively, such that
∑∞
n=1 r
(i)
n < ∞ for all i = 1,2,3. Let {xn} be the sequence as defined by
(1.1) with ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞. If F(T1) ∩ F(T2) ∩ F(T3) 	= ∅, then
limn→∞‖xn − p‖ exists for all p ∈ F(T ).
Proof. Let p ∈ F(T1)∩F(T2)∩F(T3). Since {un}, {vn} and {wn} are bounded sequences in C,
we can put
M = sup
n1
‖un − p‖ ∨ sup
n1
‖vn − p‖ ∨ sup
n1
‖wn − p‖.
Then M is a finite number. For each n  1, let rn = max{r(1)n , r(2)n , r(3)n }. Then rn  0, and
limn→∞ rn = 0. Moreover, we note that
‖xn+1 − p‖ =
∥∥αnT n1 yn + βnxn + γnwn − p
∥∥
 αn
∥∥T n1 yn − p
∥∥+ βn‖xn − p‖ + γn‖wn − p‖
 αn(1 + rn)‖yn − p‖ + βn‖xn − p‖ + γn‖wn − p‖, (2.1)
‖yn − p‖ =
∥∥α′nT n2 zn + β ′nxn + γ ′nvn − p
∥∥
 α′n
∥∥T n2 zn − p
∥∥+ β ′n‖xn − p‖ + γ ′n‖vn − p‖
 α′n(1 + rn)‖zn − p‖ + β ′n‖xn − p‖ + γ ′n‖vn − p‖, (2.2)
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‖zn − p‖ α′′n(1 + rn)‖xn − p‖ + β ′′n‖xn − p‖ + γ ′′n ‖un − p‖. (2.3)
Substituting (2.3) into (2.2), we obtain
‖yn − p‖ α′nα′′n(1 + rn)2‖xn − p‖ + α′nβ ′′n(1 + rn)‖xn − p‖ + α′nγ ′′n (1 + rn)‖un − p‖
+ β ′n‖xn − p‖ + γ ′n‖vn − p‖

(
1 − β ′n − γ ′n
)
α′′n(1 + rn)2‖xn − p‖ + β ′n‖xn − p‖
+ (1 − β ′n − γ ′n
)
β ′′n(1 + rn)‖xn − p‖ + mn
 β ′n(1 + rn)2‖xn − p‖ +
(
1 − β ′n
)
α′′n(1 + rn)2‖xn − p‖
+ (1 − β ′n
)
β ′′n(1 + rn)2‖xn − p‖ + mn
= β ′n(1 + rn)2‖xn − p‖ +
(
1 − β ′n
)(
α′′n + β ′′n
)
(1 + rn)2‖xn − p‖ + mn
 β ′n(1 + rn)2‖xn − p‖ +
(
1 − β ′n
)
(1 + rn)2‖xn − p‖ + mn
= (1 + rn)2‖xn − p‖ + mn, (2.4)
where mn = γ ′′n (1 + rn)M + γ ′nM . So that
∑∞
n=1 mn < ∞. Substituting (2.4) into (2.1), we have
‖xn+1 − p‖ αn(1 + rn)
(
(1 + rn)2‖xn − p‖ + mn
)+ βn‖xn − p‖ + γn‖wn − p‖
= αn(1 + rn)3‖xn − p‖ + αn(1 + rn)mn + βn‖xn − p‖ + γn‖wn − p‖
 (αn + βn)(1 + rn)3‖xn − p‖ + (1 + rn)mn + γn‖wn − p‖
 (1 + rn)3‖xn − p‖ + (1 + rn)mn + γn‖wn − p‖
 (1 + rn)3‖xn − p‖ + (1 + rn)mn + γnM
= (1 + dn)‖xn − p‖ + bn, (2.5)
where dn = 3rn +3r2n + r3n and bn = (1+ rn)mn +γnM . Thus
∑∞
n=1 dn < ∞ and
∑∞
n=1 bn < ∞.
It follows from Lemma 1.1 that limn→∞‖xn − p‖ exists. This completes the proof. 
Lemma 2.3. Let X be a real uniformly convex Banach space, C a nonempty closed convex subset
of X. Let T1, T2 and T3 be asymptotically nonexpansive self-maps of C with sequences {r(1)n },
{r(2)n }, {r(3)n }, respectively, such that ∑∞n=1 r(i)n < ∞ for all i = 1,2,3 and F(T1) ∩ F(T2) ∩
F(T3) 	= ∅. Let {xn} be the sequence as defined by (1.1) and some α,β in (0,1) with the following
restrictions:
(i) 0 < α  αn,α′n,α′′n  β < 1, ∀n n0 for some n0 ∈N;
(ii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
Then limn→∞‖xn − T1xn‖ = limn→∞‖xn − T2xn‖ = limn→∞‖xn − T3xn‖ = 0.
Proof. For any p ∈ F(T1) ∩ F(T2) ∩ F(T3), it follows from Lemma 2.2 that limn→∞‖xn − p‖
exists. Let limn→∞‖xn − p‖ = a for some a  0. For each n 1, let rn = max{r(1)n , r(2)n , r(3)n }.
Then rn  0 and limn→∞ rn = 0. It follows from (2.4) that
‖yn − p‖ (1 + rn)2‖xn − p‖ + mn.
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lim sup
n→∞
‖yn − p‖ lim sup
n→∞
‖xn − p‖ = lim
n→∞‖xn − p‖ = a.
So that
lim sup
n→∞
∥∥T n1 yn − p
∥∥ lim sup
n→∞
(1 + rn)‖yn − p‖ = lim sup
n→∞
‖yn − p‖ a.
Next, consider
∥∥T n1 yn − p + γn(wn − xn)
∥∥
∥∥T n1 yn − p
∥∥+ γn‖wn − xn‖.
Thus, we have
lim sup
n→∞
∥∥T n1 yn − p + γn(wn − xn)
∥∥ a, (2.6)
and ‖xn − p + γn(wn − xn)‖ ‖xn − p‖ + γn‖wn − xn‖. This implies that
lim sup
n→∞
∥∥xn − p + γn(wn − xn)
∥∥ a (2.7)
and
a = lim
n→∞‖xn+1 − p‖ = limn→∞
∥∥αnT n1 yn + βnxn + γnwn − p
∥∥
= lim
n→∞
∥
∥αnT n1 yn + (1 − αn)xn − γnxn + γnwn − (1 − αn)p − αnp
∥
∥
= lim
n→∞
∥∥αnT n1 yn − αnp + αnγnwn − αnγnxn + (1 − αn)xn − (1 − αn)p
− γnxn + γnwn − αnγnwn + αnγnxn
∥∥
= lim
n→∞
∥
∥αn
(
T n1 yn − p + γn(wn − xn)
)+ (1 − αn)
(
xn − p + γn(wn − xn)
)∥∥.
By Lemma 2.1, we have
lim
n→∞
∥∥T n1 yn − xn
∥∥= 0. (2.8)
Next, we shall prove that limn→∞‖T n2 zn − xn‖ = 0. For each n 1,
‖xn − p‖
∥∥T n1 yn − xn
∥∥+ ∥∥T n1 yn − p
∥∥
∥∥T n1 yn − xn
∥∥+ (1 + rn)‖yn − p‖.
Since limn→∞‖T n1 yn − xn‖ = 0 = limn→∞ rn, we obtain
a = lim
n→∞‖xn − p‖ lim infn→∞ ‖yn − p‖.
It follows that
a  lim inf
n→∞ ‖yn − p‖ lim supn→∞ ‖yn − p‖ a.
This implies that
lim
n→∞‖yn − p‖ = a.
On the other hand, from (2.3), we have
‖zn − p‖ (1 + rn)‖xn − p‖ + γ ′′n ‖un − p‖.
By boundedness of the sequence {un} and limn→∞ rn = 0 = limn→∞ γ ′′n , we have
lim sup‖zn − p‖ lim sup‖xn − p‖ = a,
n→∞ n→∞
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n→∞
∥∥T n2 zn − p
∥∥ lim sup
n→∞
(1 + rn)‖zn − p‖ a.
Next, consider
∥∥T n2 zn − p + γ ′n(vn − xn)
∥∥
∥∥T n2 zn − p
∥∥+ γ ′n‖vn − xn‖.
Thus we have
lim sup
n→∞
∥∥T n2 zn − p + γ ′n(vn − xn)
∥∥ a
and
∥∥xn − p + γ ′n(vn − xn)
∥∥ ‖xn − p‖ + γ ′n‖vn − xn‖.
It follows that
lim sup
n→∞
∥∥xn − p + γ ′n(vn − xn)
∥∥ a
and
a = lim
n→∞‖yn − p‖ = limn→∞
∥∥α′nT n2 zn + β ′nxn + γ ′nvn − p
∥∥
= lim
n→∞
∥∥α′n
[
T n2 zn − xn + γ ′n(vn − xn)
]+ (1 − α′n
)[
xn − p + γ ′n(vn − xn)
]∥∥.
It follows from Lemma 2.1 that
lim
n→∞
∥∥T n2 zn − xn
∥∥= 0. (2.9)
Similarly, by using the same argument as in the proof above, we have
lim
n→∞
∥∥T n3 xn − xn
∥∥= 0.
Hence
lim
n→∞
∥∥T n1 yn − xn
∥∥= 0, lim
n→∞
∥∥T n2 zn − xn
∥∥= 0, lim
n→∞
∥∥T n3 xn − xn
∥∥= 0
and this implies that
‖xn+1 − xn‖ αn
∥∥T n1 yn − xn
∥∥+ γn‖wn − xn‖ → 0 as n → ∞. (2.10)
We note that
∥∥T n1 xn − xn
∥∥
∥∥T n1 xn − T n1 yn
∥∥+ ∥∥T n1 yn − xn
∥∥
 (1 + rn)‖xn − yn‖ +
∥∥T n1 yn − xn
∥∥
 α′n(1 + rn)
∥∥xn − T n2 zn
∥∥+ γ ′n(1 + rn)‖vn − xn‖ +
∥∥T n1 yn − xn
∥∥
→ 0 as n → ∞, (2.11)
and
‖xn − T1xn‖ ‖xn+1 − xn‖ +
∥∥xn+1 − T n+11 xn+1
∥∥+ ∥∥T n+11 xn+1 − T n+11 xn
∥∥
+ ∥∥T n+11 xn − T1xn
∥∥
 ‖xn+1 − xn‖ +
∥∥xn+1 − T n+11 xn+1
∥∥+ (1 + rn+1)‖xn+1 − xn‖
+ (1 + r1)
∥∥T n1 xn − xn
∥∥.
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lim
n→∞‖xn − T1xn‖ = 0. (2.12)
Next, consider
∥∥T n2 xn − xn
∥∥
∥∥T n2 xn − T n2 zn
∥∥+ ∥∥T n2 zn − xn
∥∥
 (1 + rn)‖xn − zn‖ +
∥∥T n2 zn − xn
∥∥
 α′′n(1 + rn)
∥∥xn − T n2 zn
∥∥+ γ ′′n (1 + rn)‖un − xn‖ +
∥∥T n2 zn − xn
∥∥
→ 0 as n → ∞, (2.13)
and
‖xn − T2xn‖ ‖xn+1 − xn‖ +
∥∥xn+1 − T n+12 xn+1
∥∥+ ∥∥T n+12 xn+1 − T n+12 xn
∥∥
+ ∥∥T n+12 xn − T2xn
∥
∥
 ‖xn+1 − xn‖ +
∥∥xn+1 − T n+12 xn+1
∥∥+ (1 + rn+1)‖xn+1 − xn‖
+ (1 + r1)
∥∥T n2 xn − xn
∥∥.
It follows from (2.10), (2.13) and the above inequality that
lim
n→∞‖xn − T2xn‖ = 0.
We have
‖xn − T3xn‖ ‖xn+1 − xn‖ +
∥∥xn+1 − T n+13 xn+1
∥∥+ ∥∥T n+13 xn+1 − T n+13 xn
∥∥
+ ∥∥T n+13 xn − T3xn
∥∥
 ‖xn+1 − xn‖ +
∥∥xn+1 − T n+13 xn+1
∥∥+ (1 + rn+1)‖xn+1 − xn‖
+ (1 + r1)
∥∥T n3 xn − xn
∥∥.
It follows from (2.10), limn→∞‖T n3 xn − xn‖ = 0 and the above inequality that
lim
n→∞‖xn − T3xn‖ = 0.
Therefore
lim
n→∞‖xn − T1xn‖ = limn→∞‖xn − T2xn‖ = limn→∞‖xn − T3xn‖ = 0.
This completes the proof. 
Theorem 2.4. Let X be a real uniformly convex Banach space, C a nonempty closed convex
subset of X. Let T1, T2 and T3 be asymptotically nonexpansive self-maps of C with sequences
{r(1)n }, {r(2)n }, {r(3)n }, respectively, such that ∑∞n=1 r(i)n < ∞ for all i = 1,2,3 and satisfying con-
dition (A′′). Let {xn} be the sequence as defined in (1.1) and some α,β ∈ (0,1) with the following
restrictions:
(i) 0 < α  αn,α′n,α′′n  β < 1, ∀n n0 for some n0 ∈N;
(ii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
If F(T1) ∩ F(T2) ∩ F(T3) 	= ∅, then {xn}, {yn}, {zn} converge strongly to a common fixed point
of T1, T2 and T3.
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F(T3). Let limn→∞‖xn − p‖ = a for some a  0. Without loss of generality, we may assume
a > 0. As proved in Lemma 2.2, we have
‖xn+1 − p‖ (1 + dn)‖xn − p‖ + bn,
which gives that
d(xn+1,F ) (1 + dn)d(xn,F ) + bn,
where F := F(T1) ∩ F(T2) ∩ F(T3). Applying Lemma 1.1 to the above inequality, we obtain
that limn→∞ d(xn,F ) exists. Now by the combined effect condition (A′′) and Lemma 2.3, we
get that
lim
n→∞f
(
d(xn,F )
)
 lim
n→∞
( 1
3
(‖xn − T1xn‖ + ‖xn − T2xn‖ + ‖xn − T3xn‖
))= 0.
It show that limn→∞ f (d(xn,F )) = 0. Since f is a nondecreasing function and f (0) = 0, there-
fore limn→∞ d(xn,F ) = 0. Then there exists a subsequence {xnk } of {xn} and a sequence {yk} in
F such that ‖xnk −yk‖ < 1/2k . It follows from the proof of Tan and Xu [12], that {yk} is a Cauchy
sequence in F , and so yk → y for some y ∈ F . It follows that xnk → y. Since limn→∞ ‖xn − y‖
exists, xn → y. Moreover, since
‖yn − xn‖ α′n
∥∥T nzn − xn
∥∥+ γ ′n‖vn − xn‖ → 0 as n → ∞,
and
‖zn − xn‖ α′′n
∥∥T nxn − xn
∥∥+ γ ′′n ‖un − xn‖ → 0 as n → ∞.
It follows that limn→∞ yn = y and limn→∞ zn = y. This completes the proof. 
If T1 = T2 = T3 := T , then (1.1) reduces to the modified Noor iteration scheme with errors
and so we obtain the following result:
Corollary 2.5. Let X be a real uniformly convex Banach space, C a nonempty closed convex
subset of X. Let T :C → C be an asymptotically nonexpansive mapping, F(T ), the nonempty
fixed point set and {rn} a sequence in [0,∞) with ∑ rn < ∞. Let {xn} be a sequence defined by
zn = α′′nT nxn +
(
1 − α′′n − γ ′′n
)
xn + γ ′′n un,
yn = α′nT nzn +
(
1 − α′n − γ ′n
)
xn + γ ′nvn,
xn+1 = αnT nyn + (1 − αn − γn)xn + γnwn, n 1,
where {un}, {vn}, {wn} are bounded sequences in C and {αn}, {α′n}, {α′′n}, {γn}, {γ ′n}, {γ ′′n } are
real sequences in [0,1] satisfying
(i) 0 < α  αn,α′n  β < 1 (α′′n need not to be in [α,β]), ∀n n0 for some n0 ∈N;
(ii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
If T satisfies condition (A) with respect to the sequence {xn}, then {xn} converges strongly to a
fixed point of T .
Proof. Setting T1 = T2 = T3 = T in Lemma 2.3. It follows that limn→∞‖T xn − xn‖ = 0. Since
T satisfies condition (A) with respect to the sequence {xn}, so the conclusion of the corollary
follows from Theorem 2.4. This completes the proof. 
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subset of X. Let T :C → C be a completely continuous asymptotically nonexpansive mapping
with F(T ) 	= ∅ and {rn} a sequence in [0,∞) with ∑ rn < ∞. Let {xn} be a sequence defined by
zn = α′′nT nxn + β ′′nxn + γ ′′n unm,
yn = α′nT nzn + β ′nxn + γ ′nvn,
xn+1 = αnT nyn + βnxn + γnwn, n 1,
where {un}, {vn}, {wn} are bounded sequences in C and {αn}, {α′n}, {α′′n}, {βn}, {β ′n}, {β ′′n }, {γn},
{γ ′n}, {γ ′′n } are real sequences in [0,1] satisfying
(i) αn + βn + γn = α′n + β ′n + γ ′n = α′′n + β ′′n + γ ′′n = 1;
(ii) 0 < α  αn,α′n  β < 1 (α′′n need not to be in [α,β]), ∀n n0 for some n0 ∈N;
(iii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
Then {xn}, {yn}, {zn} converge strongly to a fixed point of T .
Proof. Set T1 = T2 = T3 = T in Lemma 2.3. It follows that limn→∞‖T xn − xn‖ = 0. Since T is
completely continuous, so it satisfies condition (A) on C, and so the conclusion of the corollary
follows from Theorem 2.4. This completes the proof. 
For γn = γ ′n = γ ′′n ≡ 0 in Corollary 2.6, we can obtain the following result.
Corollary 2.7. [14, Theorem 2.1] Let X be a real uniformly convex Banach space, C be a non-
empty closed, bounded convex subset of X. Let T be a completely continuous and asymptotically
nonexpansive self-mapping with sequence {rn} satisfying rn  0 and ∑∞n=1 rn < ∞. Let {αn},{α′n}, {α′′n} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn  lim supn→∞ αn < 1, and
(ii) 0 < lim infn→∞ α′n  lim supn→∞ α′n < 1.
For a given x1 ∈ C, the sequences {xn}, {yn}, {zn} defined by
zn = α′′nT nxn +
(
1 − α′′n
)
xn,
yn = α′nT nzn +
(
1 − α′n
)
xn,
xn+1 = αnT nyn + (1 − αn)xn, n 1,
converge strongly to a fixed point of T .
Proof. It follows from the conditions (i) and (ii) that there are α,β ∈ (0,1) and n0 ∈N such that
0 < α  αn,α′n  β < 1
for all n n0. So the conclusion of the corollary follows from Corollary 2.6. 
In the next result, we prove weak convergence for the modified Noor iterations with errors for
three asymptotically nonexpansive mappings in a Banach space satisfying Opial’s condition.
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quence in X. Let u,v ∈ X be such that limn→∞‖xn − u‖ and limn→∞‖xn − v‖ exist. If {xnk }
and {xmk } are subsequences of {xn} which converge weakly to u and v, respectively, then u = v.
Proof. See [10]. 
Theorem 2.9. Let X be a real uniformly convex Banach space which satisfies Opial’s condition
and C a nonempty closed convex subset of X. Let T1, T2 and T3 be asymptotically nonexpansive
self-maps of C with sequences {r(1)n }, {r(2)n }, {r(3)n }, respectively, such that ∑∞n=1 r(i)n < ∞ for all
i = 1,2,3. Let {xn} be the sequence as defined in (1.1) and some α,β ∈ (0,1) with the following
restrictions:
(i) 0 < α  αn,α′n,α′′n  β < 1, ∀n n0 for some n0 ∈N;
(ii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
If F(T1)∩F(T2)∩F(T3) 	= ∅, then {xn}, {yn}, {zn} converge weakly to a common fixed point of
T1, T2 and T3.
Proof. It follows from Lemma 2.3 that
lim
n→∞‖T1xn − xn‖ = 0, limn→∞‖T2xn − xn‖ = 0, limn→∞‖T3xn − xn‖ = 0.
Since X is uniformly convex and {xn} is bounded, we may assume that xn → q weakly as
n → ∞, without loss of generality. By Lemma 1.3, we have q ∈ F(T1) ∩ F(T2) ∩ F(T3).
Suppose that subsequences {xnk } and {xmk } of {xn} converge weakly to u and v, respec-
tively. From Lemma 1.3, u,v ∈ F(T1) ∩ F(T2) ∩ F(T3). By Lemma 2.2, limn→∞‖xn − u‖ and
limn→∞‖xn − v‖ exist. It follows from Lemma 2.8 that u = v. Therefore {xn} converges weakly
to a common fixed point of T1, T2 and T3. 
For T1 = T2 = T3 := T then we obtain the following results:
Corollary 2.10. Let X be a real uniformly convex Banach space which satisfies Opial’s condition
and C a nonempty closed convex subset of X. Let T :C → C be an asymptotically nonexpansive
mapping with F(T ) 	= ∅ and a sequence {rn} in [0,∞) with ∑ rn < ∞. Let {xn} be a sequence
defined by
zn = α′′nT nxn + β ′′nxn + γ ′′n un,
yn = α′nT nzn + β ′nxn + γ ′nvn,
xn+1 = αnT nyn + βnxn + γnwn, n 1,
where {un}, {vn}, {wn} are bounded sequences in C and {αn}, {α′n}, {α′′n}, {βn}, {β ′n}, {β ′′n }, {γn},
{γ ′n}, {γ ′′n } are real sequences in [0,1] satisfying
(i) αn + βn + γn = α′n + β ′n + γ ′n = α′′n + β ′′n + γ ′′n = 1;
(ii) 0 < α  αn,α′n  β < 1 (α′′n need not to be in [α,β]), ∀n n0 for some n0 ∈N;
(iii) ∑∞n=1 γn < ∞,
∑∞
n=1 γ ′n < ∞,
∑∞
n=1 γ ′′n < ∞.
Then {xn}, {yn}, {zn} converge weakly to a fixed point of T .
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Corollary 2.11. Let X be a real uniformly convex Banach space which satisfies Opial’s condition
and C be a nonempty closed, bounded convex subset of X. Let T be an asymptotically nonexpan-
sive self-mapping with sequence {rn} satisfying rn  0 and ∑∞n=1 rn < ∞. Let {αn}, {α′n}, {α′′n}
be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn  lim supn→∞ αn < 1, and
(ii) 0 < lim infn→∞ α′n  lim supn→∞ α′n < 1.
For a given x1 ∈ C, the sequences {xn}, {yn}, {zn} defined by
zn = α′′nT nxn +
(
1 − α′′n
)
xn,
yn = α′nT nzn +
(
1 − α′n
)
xn,
xn+1 = αnT nyn + (1 − αn)xn, n 1,
converge weakly to a fixed point of T .
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